MA 1003: CALCULUS 1, Fall 2005
Midterm 2: Chapter 2 ~ Section 3.1
November 15, 2005

1. (15%) You decide to form a partnership with another business. Your business
determines that the demand x for your product is inversely proportional to the
square of the price p for x > 5.

(a) Assume that if the price is $1000 then the demand is 16 units. Find the
demand function.

(b) Your partner determines that the product costs $250 per unit and the fixed
cost is $10000. Find the cost function.

(c¢) Find the marginal profit for x = 10.

Solution: x—éforx25:>p—\/?f0ra;25.
P T

c _ e
= /c = 4000.
. 000
= the demand function is p = for x > 5.
N
(b) C(x) = 10000 + 250z.
4
(¢) R(z) =pzx = 3%036 = 4000+/.
= P(z) = R(z) — C(z) = 4000y/z — 250z — 10000.
dpP 2
= — = 2000 _ 250.
dx NI
dP 2000
= —(10) = == — 250.
dx V10
4
1
2. (15%) Consider the function f(z) = %

(a) Find the domain of f.
(b) Find the critical numbers of f.

(c) Find the intervals on which the function f is increasing or decreasing.

Solution:

(a) Dy = {w € Rl o £ 0} = R\ {0}.
1’4 —

) fay=--= 221

Let f/(x) = 0. Then x = +1 are the critical numbers.



(c) .- @ = £1 are the critical numbers and z = 0 is a discontinuity of f(z)
.. the test intervals are (—oo, —1], [—1,0), (0, 1], and [1, c0)
x € (—o0,—1]: - f(=2) <0 .. fis decreasing on (—oo,—1]
[-1,0): - f'(5}) >0 .. fis increasing on [—1,0)
€(0,1]: - f'(3) <0 .. fis decreasing on (0, 1]
[1,00): - f(2) >0 .. fisincreasing on [1,00)

3. (20%) Determine whether the following statements are true or false. Give

reasons to justify your conclusions.

(a) If f'(x) = (), then f(z) = g().

(b) If y = f(x)g(x), then ¢’ = f'(z)g'(z).

(¢) If f'(c) = ¢'(c) = 0 and h(z) = f(x)g(x), then h'(c)
(d) If f(z) is an nth-degree polynomial, then 1 (z) =

0.
0
Solution:

(a) False! Counterexample: f(z) = z + 1, g(z) = z = f(x) # g(x) but
f(@) =1=4g'(x).

d
(b) False! Counterexample: f(z) = 22, g(z) = z, y = 2° = d—y = 32% #
x
2z = f’(x)gl(x)-
(¢) Truel - h(c) = f'(c)g(c) + f(e)g'(c) = 0.
(d) True! Let f(x) = apz™ + ap-12""* +--- + arz! + ao.
Then ---, f™(z) = a,n!, and f™+)(z) =0,
4. (10%) Use the limit definition to find the derivative of the function f(z) =
1
r+2
Solution:
+ Az) — f(x)
! — 1 f(.'L'
Fer = o™
1 1
_ li c+Az+2 T+2
Armo Az
zH-Q—(x-i—ﬁx-i—?)
_ 1; z+Az+2)(z+2)
Armo Az
= 1 —1
T Arso(z+ Az + 2)(z + 2)
_ -1
 (z+2)Y

T+5
r—1

5. (10%) Find the tangent line of the function f(z) = ( >(2x + 1) at the

point (0, —5).



Solution:

cfl(e) == 2B oztd

- f'(0) = —16.
.. the tangent line is y — (—=5) = —16(x — 0). i.e., y = —16z — 5.

2
6. (10%) y= (i;_‘r’x) Find &,

1 dz
Solution:
dy 565 (=5)(z* = 1) — (6 — bz)(2x) _ 2(6 — 5z)(5a? — 12z + 5)
dr "\ 22 -1 (2 —1)2 B (2 —1)3
7. (10%) Find the second derivative of f(z) = %_1_3
Solution:
2
, " +3
y B 2z(z% - 9)
@) (224 3)3

8. (10%) Find the tangent line to the graph of z3 + 5zy® = 6xy at the point
(1,1).
Solution:
2% + By = 6y
(23 4 5ryd) = L (6ay)
. d d
- 3a? + 5y° + 5a3y? L = 6y + 6252
_ d7y_ 322 4 513 — 6y
“dr 6z — 15292
Cdy 2
O Ew=01) = 7

.. the tangent line is y — 1 = —%(;v -1)



